We study some periodic and quasiperiodic behaviors exhibited by the Chua's equation with a cubic nonlinearity, near a Hopf-pitchfork bifurcation. We classify the types of this bifurcation in the nondegenerate cases, and point out the presence of a degenerate Hopf-pitchfork bifurcation. In this degenerate situation, analytical and numerical study shows a diversity of bifurcations of periodic orbits. We find a secondary Hopf bifurcation of periodic orbits, where invariant torus appears. This secondary Hopf bifurcation is bounded by a Takens-Bogdanov bifurcation of periodic orbits. Here, a sequence of period-doubling bifurcations of invariant tori is detected. Resonance phenomena are also analyzed. In the case of strong resonance 1:4, we show a new sequence of period-doubling bifurcations of 4T invariant tori.
Introduction
Many physical devices are modeled in such a way that the equations defining the system have Z 2 -symmetry (invariance under the change of the sign in the state variables). In these systems, the origin is always an equilibrium point. The simplest local bifurcations that this equilibrium point can undergo are the pitchfork (involving only equilibria), and the Hopf (leading to periodic behavior).
The simultaneous occurrence of both linear degeneracies results in a bifurcation called Hopf-pitchfork interaction. In this situation, one must expect the presence of complex tridimensional dynamical behaviors: quasiperiodic, aperiodic, homoclinic and heteroclinic, . . . (see e.g. [Guckenheimer & Holmes, 1983; Kuznetsov, 1995] ).
The computation of the normal form for the Hopf-pitchfork bifurcation is of primary importance, and has a double utility. On the one hand, its unfolding provides several kinds of bifurcations which one may expect to find. Also, the loci where they occur can be predicted. On the other hand, we can detect parameter values where nonlinear degeneracies take place. Close to these parameter values, more complicated dynamics can also be observed. Numerical study without the help of this previous analysis becomes significantly difficult.
Our goal is to reveal some aspects associated with the bifurcation behaviors exhibited by the Chua's equation in the vicinity of a Hopf-pitchfork linear degeneracy. In particular, several phenomena related to periodic and quasiperiodic motions can be analytically explained by the study that we will carry out.
The Chua's equation is a model of one of the simplest electronic circuits, exhibiting a wide range of complex dynamical behaviors. Let us consider the Chua's equation with a cubic nonlinearity (see [Pivka et al., 1996] ):
= x − y + z , z = −βy − γz .
In this equation a parameter γ is included in order to take into account small resistive effects in the inductance. Although in this paper we will consider a = 0, α = 0 and γ = 0, we will reference the implications when considering γ ≈ 0. The paper is organized as follows. Section 2 is devoted to compute the normal form for the Hopfpitchfork bifurcation in the Chua's equation, and also to discuss the nondegenerate cases. In Sec. 3 we study a degenerate case, by considering a suitable unfolding of the singular normal form. Finally, in Sec. 4 we include the numerical work, where special attention is paid to the bifurcations related to quasiperiodic motions.
Normal Form
Due to the Z 2 -symmetry, the origin in the Chua's equation is always an equilibrium point. Let us denote Λ = 1/ (γ + 1) 3 + α(2γ + 1) . Then, the linearization matrix at the origin has eigenvalues 0, ±ω 0 i, where ω 2 0 = −1/(Λ (γ + 1), for the parameter values c = c c = − γ + 1 α , β = β c = − γ (α + γ + 1) γ + 1 , whenever Λ (γ + 1) < 0 (e.g. for γ ≈ 0, the above inequality is fulfilled taking α < −(γ + 1) 3 /(2γ + 1) ≈ −1).
To describe the Hopf-pitchfork linear degeneracy (codimension-two), we will take the parameters c and β, and fix α, a and γ. For values c ≈ c c , β ≈ β c , the linearization matrix at the origin has eigenvalues µ 1 ± iω, µ 2 , where 
It is a straightforward computation to show that the change of parameters (β, c) by (µ 1 , µ 2 ) is a diffeomorphism, because
Once we have shown that these unfolding parameters satisfy the transversality condition, we will compute the third-order normal form, taking the parameters evaluated at their critical values. First, we use a linear transformation putting the linear part in Jordan form. Next, by means of a near-identity transformation, we obtain the following third-order normal form, written in cylindrical coordinates (see [Algaba et al., 1998 ]):
The expressions for the above coefficients are:
Including now the unfolding parameters, we can put in correspondence the Chua's equation (1) (for c ≈ c c , β ≈ β c ), with the following unfolding of the above normal form:
where µ 1 , µ 2 are given, to first order, in (2). The analysis of the signs of a 1 , a 2 , b 1 and b 2 provides the classification of the above unfolding. Taking a = 0 in the Chua's equation, we can easily infer that the unfolding (4) falls into the cases Ib or VIa (using the nomenclature of [Guckenheimer & Holmes, 1983, Sec. 7.5] ). The situation is schematized in Fig. 1 , where we have drawn the parameter plane α-γ divided into some regions. The filled zones correspond to values of parameters α and γ where the Hopf-pitchfork bifurcation takes place. Taking these parameters in the gold-filled area, the case Ib arises. So, taking c ≈ c c , β ≈ β c , we only find tame bifurcations. Namely, a pitchfork bifurcation of the equilibrium at the origin, a Hopf bifurcation of the origin, another Hopf bifurcation of the nontrivial equilibria (which were born at the pitchfork bifurcation of the origin), and a pitchfork bifurcation of the periodic orbits emerged in the Hopf bifurcations.
If the parameters α, γ are selected on the yellow-filled zone, the unfolding (4) falls into the case VIa. Now, the situation is more complicated. In addition to the above-mentioned bifurcations, a secondary Hopf bifurcation of periodic orbits (where invariant tori appear) and several kinds of global connections are present.
The filled zones (where nondegenerate Hopfpitchfork bifurcations take place) are bounded for different curves. Namely:
3 +α(2γ + 1) = 0. On this curve, there is a bifurcation of the equilibrium at the origin corresponding to a triple zero eigenvalue.
There is a degeneracy because β c goes to infinity. D 2 ≡ γ = 0, α < −1. On this curve there is a degeneracy, because β c = 0, hence the third equation in (1) decouples (it becomesż = 0). DHP ≡ α + (γ + 1) 2 = 0, γ > 0 or γ < −1. It corresponds to a nonlinear degeneracy, where the third-order normal form coefficients a 1 and a 2 vanish.
Here, we will focus on the analysis of the last degenerate case (with higher codimension), where one expects to find new bifurcations. Moreover, the numerical study of the degenerate case will reveal the bifurcations corresponding to the nondegenerate ones (Ib and VIa).
Three different nonlinear degeneracies for the Hopf-pitchfork bifurcation, two of them corresponding to the vanishing of a 1 , a 2 , and the third one dealing with the case a 1 b 2 − a 2 b 1 = 0, have been analyzed in preliminary papers (see [Algaba et al., 1999a [Algaba et al., , 1999b [Algaba et al., , 1999c ). As pointed out in the quoted papers, beyond the above-mentioned bifurcations one must expect the appearance of a lot of bifurcations of periodic orbits: saddlenode bifurcations of periodic orbits, nonhyperbolicities associated to a double +1 Floquet multiplier of a periodic orbit, Takens-Bogdanov bifurcations of periodic orbits, degenerate pitchfork bifurcations of periodic orbits, and global connections involving equilibria and/or periodic orbits.
In the case of the Chua's equation, the three situations occur at the same time. We plan to detect which of these bifurcations persist in this multiple-degenerate case.
Analysis of Degenerate Cases
Our analysis of the degenerate case starts by selecting three parameters to describe the degenerate Hopf-pitchfork bifurcation. These parameters will be c, β and α, whereas a and γ will be kept fixed (with γ > 0 or γ < −1). We are interested in bifurcations near critical values c ≈ c c , β ≈ β c and α ≈ α c = −(γ + 1) 2 . Next, we will obtain a fifthorder normal form at these critical values (instead of the third-order that is enough to classify the nondegenerate cases). In order to facilitate the study, it is crucial to obtain the simplest normal form. For that, following the ideas presented in [Algaba et al., 1998 ], we will use C ∞ -equivalence (transformation in the state variables and a reparametrization of the time).
Let us assume a = 0 and γ = 0, −1/2, −1. At the critical values c = c c , β = β c and α = α c , we obtain the following fifth-order hypernormal form:ρ
where
Our analysis will be based on the Z 2 ×Z 2 -symmetric planar system obtained by removing the angular component (which is decoupled up to any order):
Below, we will show that, generically, the higher-order terms removed in the fifth-order hypernormal form are inessential in the dynamical behavior of the singularity. Later, we analyze an unfolding of the planar singularity, and provide the consequences in the tridimensional system.
Determination of the singularity
Our first task in the analysis of the degenerate case will be to study the determination of the singularity, in order to assure that the higher-order terms we have neglected in the fifth-order hypernormal form have no influence in the dynamical behavior of the singularity. Let us consideṙ
where we have included Z 2 × Z 2 -symmetric perturbations of order greater than five (i.e.
. Axes ρ and z are invariant, and then it is enough to take ρ, z ≥ 0. Performing the change
we arrive aṫ
We perform a polar blow-up (see [Andronov et al., 1970; Dumortier, 1991] ) in a neighborhood of the origin by: R = r cos φ, Z = r sin φ. After some computations, we geṫ
On the φ-axis, the equilibria of this system are:
notice that this last equilibrium must be considered only if b * 1 and b * 2 have opposite signs).
We now study these three equilibria:
Assuming b * 1 = 0, it is easy to obtain that we have a one-dimensional center manifold: φ = Φ(r) (with Φ(0) = 0), and also the reduced system on the center manifold isṙ = a * 3 r 2 + O(r 3 ), so that this elementary degenerate saddle-node equilibrium is determined under the hypothesis a * 3 = 0. (ii) With respect to equilibrium r = 0, φ = π/2, the linearization matrix is
We infer that it is always a saddle if b * 2 = 0, and consequently, it is determined in this case. (iii) Finally, we will consider b * 1 b * 2 < 0 and analyze the equilibrium r = 0, φ = φ 0 . After some computations, we can write the linearization matrix as
We also have a one-dimensional center manifold: φ =Φ(r) (withΦ(0) = φ 0 ), and the reduced system on it is:ṙ = (a 
In summary, to warrant that the higher-order terms have no influence, we require a
It is straightforward to show that all these conditions hold in the case of the Chua's equation (1), whenever a = 0 and γ = 0, −1/2, −1.
Collecting the above information, we can classify the different topological types for system (7), that appear in Fig. 2 (qualitatively, they agree with those of system (9)). To reduce the number of cases, we have used that system (7) is invariant under the change of the signs of time, a * 3 , a * 4 , b * 1 and b * 2 .
Analysis of a planar unfolding
Next, we plan to put in correspondence the Chua's equation (1) with c ≈ c c , β ≈ β c and α ≈ α c , with an appropriate unfolding of system (7). We will use the following four-parameter unfoldinġ
where µ 1 , µ 2 are given in (2), µ 3 = a 2 +O(|µ 1 , µ 2 |),
, and finally a * 3 , a * 4 , b * 1 , b * 2 are given in (6). Notice that µ 3 , µ 4 are linked (they are proportional if we neglect the terms in O(|µ 1 , µ 2 |)). As both, µ 3 and µ 4 , vanish simultaneously when the parameter α reaches the critical value, our three-parameter study in the Chua's equation (1) will be obtained as a slice in the four-parameter analysis of (11).
In the first step for study (11), we perform the change (8), and rescale by
(notice that the axis and the first quadrant remain invariant). In this way, we arrive at the planar system:
, (in the last equality, we have used that the critical value where the degenerate case occurs: α c = −(γ + 1) 2 must be considered only for γ > 0 or γ < −1, as indicated in Fig. 1 ).
Although we could analyze the different possibilities that arise in system (12), we will restrict to one case that arises in the Chua's equation. In fact, we will take a = −1, γ > 0 in (1). So, we will assume B = +1, and analyze:
with A 3 = +1 and A 4 < 0.
We will not be exhaustive in our analysis, because the main core of the study of bifurcations is essentially contained in [Algaba et al., 1999a [Algaba et al., , 1999c . Instead, we will enumerate the local bifurcations for system (13). In the following analysis, we will recover the bifurcations present in the nondegenerate codimension-two unfoldings, of types Ib and VIa, following the classification of [Guckenheimer & Holmes, 1983, Sec. 7.5] . Moreover, new bifurcations will be detected.
Besides the equilibrium at the origin, system (13) can have another equilibria for some parameter values.
For later purposes, it is convenient to classify the equilibria into three categories:
• Equilibria located on the positive R-axis: (R ± , 0), being
• Equilibria located on the positive Z-axis:
, where
The existence of these equilibria is determined by some bifurcations, we now summarize: • There is a nondegenerate transcritical bifurcation (codimension-one) at
Looking at the whole system (13), two equilibria (namely, the origin and one equilibrium located at the positive semi-axis R) collide and exchange stability. We notice that, as we must consider the dynamics only in the positive quadrant RZ, this bifurcation looks like a change of stability of the equilibrium at the origin and the appearance of a new equilibrium on the positive semi-axis R. Taking ε 3 > 0, the emerging equilibrium is (R + , 0). In the case ε 3 < 0, the equilibrium (R − , 0) emerges.
• There is a degenerate transcritical bifurcation of the origin (codimension-two) at
Here, three equilibria collide and exchange stability. Disregarding the dynamics outside the open positive quadrant RZ, we can see an exchange in the stability of equilibrium at the origin, and the appearance of one or two equilibria on the positive semi-axis R. From this point of the parameter space, a saddle-node bifurcation curve emerges:
On this curve, the two equilibria (R + , 0) and (R − , 0) collapse.
• There is another nondegenerate transcritical bifurcation (codimension-one) at
At this critical value, the equilibrium at the origin exchanges its stability and, for ε 2 < 0, a new equilibrium (0, Z 0 ) emerges on the positive semi-axis Z.
• The equilibrium (0, Z 0 ) exhibits a transcritical bifurcation at
In the case ε 2 > (ε 3 − ε 4 )/A 4 , a node equilibrium (R + , Z + ) emerges outside the axis. If ε 2 < (ε 3 − ε 4 )/A 4 , a saddle equilibrium (R − , Z − ) emerges outside the axis.
• The equilibrium (0, Z 0 ) exhibits a degenerate transcritical bifurcation at
Taking parameter values near DT 3 , system (13) can exhibit up to two equilibria outside the axes.
From DT 3 , a saddle-node bifurcation curve emerges
where (R + , Z + ) and (R − , Z − ) collapse.
• There is a transcritical bifurcation, involving the equilibria (R ± , 0) and (R ± , Z ± ), at
• There is a degeneracy in the transcritical bifurcation T 4 , taking the parameters on
Here, three equilibria collapse. They are
In the case 2A 3 ε 4 − A 4 ε 3 < 0, the equilibria involved are (R − , 0) = (R + , Z + ) = (R − , Z − ). Notice that DT 4 is the intersection of sn and T 4 .
• There is a subcritical Hopf bifurcation of equilibrium (R + , Z + ) at
• Taking the parameters on
Notice that A corresponds to the intersection of SN and T 4 . This degenerate equilibrium has a zero linearization matrix and the singularity turns out into a reflectionally symmetric planar vector field. The analysis of bifurcation in such kinds of systems is carried out in [Guckenheimer & Holmes, 1983, Sec. 7.4] . Moreover:
-For 2A 3 ε 4 − A 4 ε 3 > 0, the type is IVb, and the equilibria involved are (R + , 0), (R − , 0), (R − , Z − ). -For 2A 3 ε 4 − A 4 ε 3 < 0, the type is IIb, and the equilibria involved are (R + , 0), (R − , 0), (R + , Z + ). -For 2A 3 ε 4 − A 4 ε 3 = 0, there is a codimension-three point whose singularity corresponds to a degenerate reflectionally symmetric planar vector field (see [Krauskopf & Rousseau, 1997] ). This codimension-three point is located at
• There is a Takens-Bogdanov bifurcation of equilibrium (R + , Z + ) = (R − , Z − ) at
• There are three codimension-three bifurcations, corresponding to the degenerate cases analyzed in [Algaba et al., 1999a [Algaba et al., , 1999b [Algaba et al., , 1999c . They are located at:
B 1 ≡ {ε 1 = ε 2 = ε 3 = 0, ε 4 = 0}, see [Algaba et al., 1999a] . B 2 ≡ {ε 1 = ε 2 = ε 4 = 0, ε 3 = 0}, see [Algaba et al., 1999b] . B 3 ≡ {ε 1 = ε 2 = 0, ε 3 = ε 4 , ε 4 = 0}, see [Algaba et al., 1999c] .
Behavior of the truncated three-dimensional unfolding
In this section, we plan to translate some of the results previously obtained for the planar system to the tridimensional one. We notice that merely including the rotation do not explain all the dynamics for the Chua's equation (1), which has no rotational symmetry. To understand the dynamics, it will be necessary to restore the terms that have been neglected in the truncated fifth-order hypernormal form. The symmetry-breaking effect of these terms leads to new bifurcation phenomena related to the breakdown of the invariant torus born in the secondary Hopf bifurcation of periodic orbits, and also with homoclinic and heteroclinic connections between equilibria and/or periodic orbits. Moreover, chaotic behavior is present. Anyway, some of the information of the truncated normal form will survive. The corresponding unfolding for the fifth-order hypernormal form (35) is:ρ
The bifurcation set for this system can be obtained from the analysis of Sec. 3.2, by using that equilibria on the Z-axis remain equilibria, equilibria outside the Z-axis become periodic orbits and periodic solutions turn out into invariant tori.
In the following translation table of bifurcations of planar unfolding (13) to the tridimensional one (14) we include those bifurcations that we will detect later when analyzing the Chua's equation (1).
In the quoted table, we distinguish between symmetric periodic orbits (which appear in the bifurcations of the equilibrium at the origin) and asymmetric periodic orbits (these orbits come in pairs due to the Z 2 -symmetry and are born in the bifurcations of the nontrivial equilibria). In the table, there are a number of bifurcations that are well known. Next, we will briefly describe the most interesting. Near the degenerate pitchfork bifurcation of periodic orbits B, a symmetric periodic orbit collides with one or two pairs of asymmetric periodic orbits. Then, up to five periodic orbits are involved in this bifurcation.
At the secondary Hopf bifurcation of periodic orbits HH, the asymmetric periodic orbits have a pair of Floquet multipliers on the unit circle. When crossing HH, a pair of invariant tori appear. The knowledge of the evolution of the Floquet multipliers is of great interest in the analysis of resonance phenomena on the torus, because the presence of periodic orbits on the torus can be predicted.
Also, the bifurcation behavior near A is very complex. At A, a symmetric periodic orbit exhibits a degeneracy because it has a diagonalizable double +1 Floquet multiplier. Depending on the type of this codimension-two bifurcation, the presence of quasiperiodic motions and global phenomena (heteroclinic of symmetric periodic orbits), can be predicted.
Finally, another important remark is related to the behavior near the Takens-Bogdanov bifurcation of the asymmetric periodic orbits TBPO. Here, the asymmetric orbits have a nondiagonalizable double +1 Floquet multiplier, and one expects the presence of quasiperiodic motions and global phenomena: homoclinic of asymmetric periodic orbits, . . .
A number of these phenomena will be put in evidence in the next section.
Numerical Study
At this point, we present some numerical work to corroborate that the above-mentioned bifurcations effectively appear in the Chua's equation (1).
Generically, the behavior on the invariant torus will be different when including the truncated terms, due to phaselocking. Moreover, in the truncated system, the torus breaks in a spheroidal surface filled with orbits joining a nontrivial equilibrium point with a periodic orbit. This very degenerate situation will disappear by adding higher-order terms.
Instead, we must expect complex heteroclinic structure and also homoclinic behavior related to equilibria and periodic orbits, . . . In our analysis, we will fix a = −1, γ = 0.3 > 0 in Chua's equation (1) (1) with α = −1.57, γ = 0.3, a = −1, near the degenerate Hopfpitchfork point. In the middle part, there is a zoom showing the curves HH and PD. In the lower part, there is a zoom of the Takens-Bogdanov bifurcations of periodic orbits point, and the sequence of period-doubling bifurcations. (1) with α = −1.6, γ = 0.3, a = −1, near the degenerate Hopfpitchfork point. In the lower part, there is a zoom of the Hopf-pitchfork point.
We will take two slices α = constant of the tridimensional parameter space. The sections will be taken on both sides of the critical value α c . Namely, we will consider α = −1.7 and α = −1.6. Increasing α a bit more, the shape of the secondary Hopf bifurcation HH changes suddenly, because it intersects a period-doubling bifurcation PD, which does not arise from the local analysis of the planar system (see Fig. 3 ). We have included another slice α = −1.57 to put this fact in evidence.
Notice that the secondary Hopf bifurcation of periodic orbits HH is present in three sections. In the first situation α = −1.7, HH is not Fig. 6 . A partial bifurcation set for the Chua's equation (1) with α = −1.6, γ = 0.3, a = −1, near the degenerate Hopfpitchfork point. In the lower part, there is a zoom of the Hopf-pitchfork point.
directly related to the Hopf-pitchfork bifurcation (of type Ib [Guckenheimer & Holmes, 1983, Sec. 7.5] ). Then, we cannot detect HH in our local analysis. In the second section α = −1.6, HH starts in a nondegenerate Hopf-pitchfork bifurcation (of type VIa [Guckenheimer & Holmes, 1983, Sec. 7.5] ) and ends at a Takens-Bogdanov bifurcation of periodic orbits TBPO, as obtained in our previous theoretical analysis. Finally, for α = −1.57, the secondary Hopf bifurcation of periodic orbits HH is broken into two branches when intersecting the period-doubling bifurcation PD. The intersection points of HH and PD (labeled as TBPO in Figs Bogdanov bifurcations of periodic orbits TBPO and TBPO are qualitatively different. The first one corresponds to a nondiagonalizable double +1 Floquet multiplier of a periodic orbit (strong 1:1 resonance), whereas in TBPO there is a nondiagonalizable double −1 Floquet multiplier (strong 1:2 resonance).
This last is a very interesting situation, because one expects to find a Feigenbaum cascade of period-doubling bifurcations (which leads to chaotic attractors), and consequently one also expects to find a sequence of resonances 1:2, 1:4, 1:8, . . . (see [Kuznetsov, 1995] ). These facts can be viewed in the lower part of Fig. 4 , where we have labeled with PD 2 and PD 4 the two first perioddoubling bifurcations of the sequence, and with HH 2 and HH 4 the curves where double-period and quadruple-period (respectively) tori emerge.
Anyway, our primary objective is to analyze in detail the sections α = −1.6, α = −1.7 (which are directly related with the degenerate Hopf-pitchfork bifurcation).
The bifurcation sets, for α = −1.6 and α = −1.7 are presented in Figs. 5 and 6, respectively. Notice that all the elements that appear have been previously detected in the analytical study:
• The Hopf bifurcation of the origin H (green line), where a symmetric periodic orbit emerges.
• The pitchfork bifurcation of the origin PI (red line).
• The Hopf bifurcation of the nontrivial equilibria h (blue line), where a pair of asymmetric periodic orbits is born.
• The pitchfork bifurcation of periodic orbits PPO (yellow line), where the symmetric and the pair of asymmetric periodic orbits collapse.
• The degenerate Hopf bifurcation of the origin Hd.
• The degenerate Hopf bifurcation of the nontrivial equilibria hd.
• The saddle-node bifurcation of symmetric periodic orbits SN (orange line), starting from Hd.
• The saddle-node bifurcation of asymmetric periodic orbits sn (brown line), starting from hd.
• The secondary Hopf bifurcation of periodic orbits HH (black line).
• The saddle-node-pitchfork bifurcation of periodic orbits A.
• The degenerate pitchfork bifurcation of periodic orbits B.
• The Takens-Bogdanov bifurcation of periodic orbits TBPO.
In both figures, we have also included a zoom of the codimension-two Hopf-pitchfork points HP (of types VIa and Ib [Guckenheimer & Holmes, 1983, Sec. 7 .5], respectively) because several curves are very close. In the window of Fig. 5 there is a TakensBogdanov bifurcation of the origin TB, from which a curve of heteroclinic connections Het emerges. This curve ends when it reaches the Hopf bifurcation of the nontrivial equilibria h, giving rise to a Hopf-Shil'nikov bifurcation HS (see [Hirschberg & Knobloch, 1993] ). The behavior is remarkable of the pitchfork bifurcation of periodic orbits PPO starting from HP: it approaches TB and later separates.
In the following, we will look carefully at the zones where dynamical behavior related to the quasiperiodic motions (born in HH) takes place. We will assume on the rest that α = −1.6. In Fig. 7 we present a torus attractor (blue), corresponding to β = 0.0629, c = 0.9. The periodic orbit that gives rise to the torus is the red line drawn inside. At the bottom of this figure, we also include a Poincaré section, showing both the torus attractor and the periodic orbit.
It is well known that resonance phenomena on the torus yields new bifurcation behaviors. The periodic orbit that undergoes the secondary Hopf bifurcation HH has a conjugate pair of Floquet multiplier on the unit circle. In Fig. 8 , we present the evolution of the argument of the Floquet multiplier when moving along the curve HH. This will be very important to predict resonance phenomena on HH, that occur when the Floquet multiplier moves through a root of the unity. Notice that the endpoints of the curve HH are HP and TBPO. At We show the secondary Hopf bifurcation of 4T periodic orbits HH4, the saddle-node bifurcation of periodic orbits sn4 corresponding to resonance 1:4, and the perioddoubling sequence.
both points, the argument of the Floquet multiplier is zero, as pointed out in the figure.
As the argument is always less than 105 • , we cannot expect to find the 1:3 strong resonance, but the 1:4 strong resonance will be present.
Note that the curve representing the argument of the Floquet multiplier along HH has a parabolalike shape. There is a point (labeled D in Figs. 8 and 9) where an angular degeneracy occurs (i.e. the argument fails to vary monotonically).
The implications of this angular degeneracy are considered by Peckham et al., [1995] . Then, in those aspects related to weak resonance, we expect to find Arnold's tongues with a particular shape (called by the authors as "banana" and "banana split"). The curves of saddle-node bifurcations of periodic orbits that bound the Arnold's tongues intersect HH twice. In Fig. 9 , we have drawn the saddle-node bifurcations of periodic orbits corresponding to resonances 1:5, 1:6, 1:7, 1:8. Each curve of saddle-node bifurcations of these periodic orbits has three branches: one joining both tips, and two open branches, each starting from one tip. The different pairs of open branches have a common asymptotic behavior: They are tangent to a pair of curves related to homoclinic connections of the origin (not drawn in the figure) . Similar behaviors, but in the Hopf-saddle-node bifurcation, have been detected by Hirschberg and Laing [1995] and Kirk [1991] . Also, in the context of planar (1) with α = −1.6, γ = 0.3, a = −1. In the upper part (β = 0.0606909, c = 0.9235) we show the torus attractor, the repulsive periodic orbit (inside the torus) and two 4T periodic orbits, one attractive and the other saddle (outside the torus). In the lower part (β = 0.06092, c = 0.917), we can see the principal periodic orbit (unstable), a 4T saddle periodic orbit and a 4T stable periodic orbit surrounded by a 4T torus repellor.
diffeomorphisms, these phenomena have been put in evidence by Broer et al. [1998] .
We also remark the behavior of the open branch starting from the tip on the right, where they exhibit a cusp-like behavior before they approach tangentially.
In Fig. 10 we have drawn a periodic orbit in the Chua's equation (1) for parameter values β = 0.02604, c = 1.11779, inside the 1:5 resonance zone. This 5T periodic orbit is close to a five-pulse homoclinic of the origin.
With respect to the strong resonance 1:4, it is limited by one curve of saddle-node bifurcations of 4T periodic orbits sn 4 , that cross twice HH (see also Fig. 9) .
A detailed analysis of sn 4 , presented in Fig. 11 , shows the presence of a Takens-Bogdanov point of the asymmetric periodic orbits TBPO 4 (a degeneracy corresponding to a nondiagonalizable double +1 Floquet multiplier). From such a point, a The points marked on the closed line correspond to the curve of saddle-node bifurcations of periodic orbits sn4 that bound the resonance zone. In the lower part, we include a bifurcation set with the eight curves of saddle-node bifurcations of 4T periodic orbits corresponding to resonance 1:4. These eight curves collapse in pairs in four cusp points.
secondary Hopf bifurcation of the 4T periodic orbits, HH 4 , emerges. HH 4 ends when it meets a period-doubling curve PD 4 . The intersection point is another Takens-Bogdanov bifurcation of periodic orbits TBPO 4 (nondiagonalizable double −1 Floquet multiplier). This is the starting point of a Feigenbaum cascade. In Fig. 11 , we have also drawn the next steps in the sequence: HH 8 , PD 8 ; HH 16 , PD 16 .
In Fig. 12 we present two Poincaré sections, corresponding to parameter values inside the 1:4 Arnold's tongue. The upper Poincaré section corresponds to β = 0.0606909, c = 0.9235, which in Fig. 11 is located near the tip. Here, the unstable manifold of the 4T saddle periodic orbit (represented by four green points) join the 4T stable periodic orbit (represented by four blue points) and the torus attractor.
In the lower Poincaré section we have selected β = 0.06092, c = 0.917. In the bifurcation set of Fig. 11 , this point is located above and close to HH 4 . Now, the invariant torus is no longer present, and the stable manifold of the 4T saddle periodic orbit connects the unstable principal periodic orbit and the 4T torus repellor (represented by four red closed lines).
These behaviors have been found to be in concordance with the type D 2 , following the classification of Chow et al. [1994] , Sec. 4.4, in the analysis of planar systems with a double-zero eigenvalue, which are invariant under a rotation of angle π/2.
Also, we remark that, on sn 4 , there is another Takens-Bogdanov bifurcation of periodic orbits at β ≈ 0.05347, c ≈ 0.98024, but this point is outside the window of Fig. 11 .
Finally, in order to put in evidence the complexity of the frontier of the 1:4 resonance zone, we have included a bifurcation diagram (c versus period) for the parameter values β = 0.053, α = −1.6, γ = 0.3, a = −1 (see Fig. 13 ).
The bifurcation diagram, represented in the upper part of Fig. 13 , consists in a closed line (isola). We have marked two points, that correspond to the curve of saddle-node bifurcations of periodic orbits sn 4 (blue line). Moreover, another eight saddle-node bifurcations of 4T periodic orbits are detected. These saddle-node bifurcations are organized around four cusps. This kind of behavior has been observed by Broer et al. [1998] in the analysis of the fattened Arnold family. It is also remarkable that one of these new saddle-node bifurcations of 4T periodic orbits crosses sn 4 .
